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Gust-Shock Interaction in Transonic Small-Disturbance Flow

I. Evers*
University of Cambridge, Cambridge, England CB3 9EW, United Kingdom

The sound generated by interaction of small-amplitude convected disturbances with an attached shock wave
in transonic small-disturbance flow is analyzed using Goldstein’s decomposition of unsteady compressible flow
(Goldstein, M. E., “Unsteady Vortical and Entropic Disturbances of Potential Flows Round Arbitrary Obstacles,”
Journal of Fluid Mechanics, Vol. 89,1978, pp. 433-468). The equations obtained by linearizing the Euler equations
about the nonuniform mean flow provide a framework that enables the calculation of the vortical, entropic, and
acoustic waves generated by the gust-shock interaction. The lateral stretching of disturbances that is character-
istic of transonic small-disturbance flow implies that the shock wave is long relative to the @(1) or smaller gust
wavelength and that its strength and obliqueness angle vary slowly along its length. This leads to inner regions
near the shock where the jump relations are solved and to an outer region where the shock’s finite length and
variation in strength determine the far-field acoustic radiation. The theory is applied to obtain numerical results
for the radiated acoustic power and directivity patterns for a shock wave attached to an infinite curved surface. It
is found that sound is radiated primarily at the orientation angle of the incident gust, especially for high reduced

frequencies.

I. Introduction

OMPREHENSIVE noise prediction schemes for turboma-

chinery applications must incorporate the effects of interac-
tion between convected vortical and entropicdisturbancesand blade
rows; for many modern aeroengines this acoustic study is espe-
cially relevant when transonic mean-flow conditions are assumed.
An importantaspect of gust-blade interactionat supercritical Mach
numbers is the influence of shock waves, not only on the propa-
gation of existing sound waves but also as sources of sound when
they interact with the convected disturbances. The latter interac-
tion between small-amplitude gusts and a shock wave in transonic
small-disturbance (TSD) flow is the subject of this paper. A critical
step in modeling this interaction is the suitable decomposition of
the unsteady velocity field into potential and vortical components
as specified by Goldstein.!

Previous results in this area by Ribner,? Moore,> and Hardy and
Atassi* consider small-amplitude solutions to the unsteady Euler
equations linearized about a base flow that is uniform on either side
of a normal shock of infinite length and of constant strength. The
usual shock jump relations relate the plane vorticity, sound, and
attenuated pressure waves downstream of the shock to those up-
stream. Ribner’ and Mahesh et al.® extend these results to study the
interaction of isotropic fields of acoustic and vortical waves with
a shock wave. Williams’ also linearizes about uniform flow; the
analysis applies for weak shocks in a purely potential flow (i.e., no
vortical or entropic disturbances), though it allows for more com-
plicated unsteady response by imposing a boundary condition that
represents deformation of an airfoil. Studies that incorporate mean-
flow distortion or, indeed, that consider solutions to the nonlinear,
time-dependentEuler equationsrely on numerical methods. For ex-
ample, Verdon and Caspar® apply a code based on the linearization
of the Euler equations about the steady flow through a cascade.
Rusak et al.” modify the unsteady TSD equation to include small-
amplitude vortical components and solve it using a mixed-type dif-
ference scheme.

The analyses by Ribner> and Hardy and Atassi* on gust-shock
interaction give valuable insights into the mechanisms that control
the generation of convected and propagated waves. In this paper,
their results are extended to take into account two features that are
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significant in turbomachinery applications. First, the mean flow on
either side of the shock wave is generally nonuniform, directly in-
fluencing the interactions at the shock and leading to distortion of
the incident and outgoing disturbances. The analysis presented here
applies for mean flow that solves the two-dimensional TSD equation
(a full three-dimensionalanalysisis performed on the unsteady per-
turbation to this mean). Second, the shock wave is finite in length,
its strength varies along its length, and it may be attached to a sur-
face at one or both ends. Also, consistent with our modeling of the
TSD steady flow, we permit the shock wave to be slightly curved
and oblique. These features have importantconsequencesfor the ra-
diation in the far field; gust-shock interaction for an infinite shock
of constant strength induces unattenuated acoustic plane waves, but
the finite extent of the interaction allows for cylindrical decay.

Althoughincidentacousticdisturbancesmay easily be includedin
the theory, we focus on harmonic vortical and entropic disturbances
that are convected with and distorted by the mean flow before inter-
acting with the weak shock.

For uniform mean flow, the appropriate splitting of the unsteady
disturbances into potential and solenoidal parts'® provides a means
of solving the equations of motion on either side of the shock wave.
Coupled with the boundary condition at the shock imposed by the
jump relations, this makes solution of the downstream flow in terms
of the upstream quantities possible. For nonuniform mean flow, the
classical splitting theorem does not apply. Instead, the decomposi-
tion given by Goldstein' for irrotationalmean flow is used, although
the splittingdoes notresultin componentsthatare purelyirrotational
and divergence free.

The problem is presented as follows. First, in Sec. II we for-
mulate the shock-wave problem by outlining how Goldstein’s
decomposition' and the shock jump relations are to be applied in
potential-stream function coordinates. The problem is then solved
in Sec. III. Asymptotics corresponding to the TSD assumption are
imposed, solutionsare found for the problemsat the relevantasymp-
toticorders, and, finally, the far-field radiationis calculated. Numeri-
calresultsare givenforashock wave overacurvedsurfacein Sec.IV.

II. Problem Formulation

A. Equations of Motion

In our analysis we assume the unsteady flow to be an O(€) per-
turbation to a two-dimensional, steady TSD flow for some € < 1. In
turn, the mean flow is a small disturbanceto a uniform flow of speed
U, parallel with the x, axis of our (x,, y) coordinate system. The
freestream Mach number is M, =U, /a., where a., is the speed
of sound and p« , P, and S« denote the far-field pressure, density,
and entropy, respectively (upstream as well as downstream of the
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shock). The quantity B2 =1 — M2 is small but may be positive or
negative. We assume that the mean flow is that of an isentropic per-
fect gas with S, =0, over an infinite, curved surface with an O(J)
displacement from the x, axis for some 6<<1. The correspond-
ing steady flow is described by the velocity potential ¢ and stream
function v, both normalizedby U, b, where b is some characteristic
length of the surface shape in the x, direction. We define the nor-
malized coordinates x =x,/b and y =y,/b and write ¢ =x + ¢'.
Then, for TSD flow, the constant ﬂozo and the normalized disturbance
potential ¢’ are taken to have the preferred magnitude O(5¥3).
The latter is rewritten as ¢’ =53¢/, where ¢ satisfies the TSD

equation
o \o2¢  3*¢
K — + + =
( (y+1 ax>ax2 252 0 €8]

and where y =683y, y =c,/c, is the ratio of specific heats, and
K =B2 MZ'5%3 is the transonic similarity variable."! The nor-
malized perturbation speed,

g=_ =0(5) )
will also be used to describe the mean flow. We need not specify
the boundary condition along the surface, but merely note that it is
consistent with uniform flow in the far field and a shock wave along
x =mny(y) for some function ny defined on 0 <y <Yy, (between the
shock extremes). Flow quantities upstream and downstream of the
shock will be distinguished by the subscripts 1 and 2, respectively,
and the shock strengthis givenby the jump Aq =¢, — ¢, = O(&'?)
of the perturbation speed. Note that an important feature of TSD
flow is that the shock characteristics vary with y, that is, they vary
on the scale b/ 53, so that the angle of the shock at any point with
respectto the y axis is @(5'?).

The totallocal flow speed, velocity,Mach number, speed of sound,
pressure, density, and entropy are denoted by U, u, M, a, p, p, and
S, respectively. The subscript O denotes mean-flow properties, and
a prime denotes the unsteady perturbation; for example,

p(x,y,2,1) = po(x, y) + €p/(x, y, 2, 1) + O(€”)

where f is time normalized by b/ U, . So that the unsteady flow may
be linearized about the mean flow, we require 0 < € < &% <« 1.

In the following analysis we consider Goldstein’s! formulation
for inviscid linear disturbances of a two-dimensional irrotational
mean flow. In this formulation, small-amplitude vortical and en-
tropic disturbances are assumed to be present in the uniform flow
far upstream. The sound generated by interaction between these
convected disturbances and obstacles downstream (in this case the
shock wave) is described by an inhomogeneous convected-wave
equation with variable coefficients. We follow Goldstein’s decom-
position and write the unsteady velocity in the form

u =VG +v 3)
where
V= (5'12¢c,)up + V' “)
and v and G’ satisfy the equations

DoV’
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respectively. The operator Dy/Dt =0/3t +u, - V is the substan-
tial derivative with respect to the mean flow. The potential G’ de-
scribes the nonvortical components of the unsteady field, including
the acoustic waves, and completely determines the unsteady pres-
sure through the relation

DUG,
= - 7
p Po Dr 7

The velocity v contains the vorticity fluctuations (the upstream dis-
turbancesas well as vorticity generated farther downstream), though
in general is not divergence free, so that Eq. (3) does not correspond
to the classical decomposition into potential and solenoidal parts.
Finally, the unsteady entropy and pressure are determined by

/

Dys’ s
oSt _ 0, p’ _ P2 _ Po 8)
Dt ag cp
and the rigid-surface boundary condition is
n-(VG' +v) =0 9)

for the vector n normal to the surface.

Following Kerschen and Balsa,'? general solutions to Egs. (5)
and (8) are obtained by assuming a harmonic time dependence with
frequency o and transforming from (x., y«, Z«) to the potential and
stream function coordinates (¢, v, z) with corresponding metrics
my =bUs | Uy, my, =bps Us | pyUy, and m, =b. The result is

W= by Dexplik( + )]
0
5 Uy (o
§o= P00 (  ha(w, 2) + by, z))exp[ik(¢+g>]
P Uss \OW

v = ho(y, D)explik(¢ + g)]
s =2¢,ha(y, )explik(p + g — 1)] (10)

where k =wb/ U, is the aerodynamic reduced frequency and
Us (V!, V!, ¥5)e~*" represents the velocity ¥ decomposed into the
directions parallel with the ¢, v, and z axes. The functions /,_,
depend on y and z and are determined by far-field boundary con-
ditions upstream and by the jump relations at the shock wave. The
function g is the drift function, a measure of the cumulative distor-
tion of the gust by the nonuniform mean flow, and for a potential
flow that is a small perturbation to uniform flow, it is approximated
by

8(9, w) ~ 2[¢' (=0, 0) — ¢'(¢, y)] (11)

selected to vanish at upstream infinity. Because ¢ =x + O(53)
and v =y + O(5?), we may write g and the other mean-flow
quantities, ¢ and ¢’, as functions of ¢ and y =583y, consistent
with g(x, ¥) =g(¢, w) + O(5"3). The unsteady potential G’ is the
remaining unknown, and it is found by solving Eq. (6) with the
appropriate boundary condition at the surface, a far-field radiation
condition, and with the jump relations at the shock.

B. Shock Jump Relations

The functions ¢ and y are continuous across the shock wave
and the mean position of the shock in (¢, ) space is ¢ =mn(y)
between 0 <y <7, to sufficient O(&'?) accuracy. Interaction with
the incidentdisturbance will cause the shock to undergo O(€) oscil-
lations about its mean position, though the linearizationin € allows
us to apply the jump relations at ¢ =n,. The equations of motion
and jump relations are solved in (¢, y) space, but it is convenient
to express the displacement of the shock as a function of the nor-
malized physical coordinates; the shock’s instantaneous position is
therefore given by

x=n(y,z,1) =n(P) + €q(y,2)e” " (12)

for some unknown function 17. We make use of the orthogonal

vectors
on o d
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Fig.1 Shock wave and coordinate systems.

the first of which is normal to the shock wave. The variables é, 7,
and é denote the corresponding unit vectors. Next, let yo ~ vo/ Uy
be the angle between the x axis and the mean flow at any position
along the shock. Here, vy is the vertical speed of the mean flow.
Then, if &' = (u}, u),, u}) is the unsteady velocity in components
tangential and normal to the local mean flow, the unsteady velocity
relative to the shock in physical coordinates is

1 5 cosyo sinyp O ul
u,=-10 87 + | —sinyy cosyo, O ul (13)
0 0 o 1) \u

In coordinates normal and tangential to the shock (Fig. 1), this rel-
ative velocity becomes

(u,i’ u{r’ ”,g) = (u:'cl ) é’ u:cl ) +’ u:cl ) &) (14)
The perturbed shock may be regarded as behaving in a locally

quasi-steady manner, so that the usual Rankine-Hugoniot relations
apply. We use them in the form'?

beed _ _ o 1 (15)

@ @y)2[(y + Du +2y]2
[W]1=0 (16)
[u’g] =0 (17
e =(1+ (r + 1)u>2 a8

a 27/
[s'] 2u )

= (1 + —yball+ 19
, “hitm -y ( v-vu+ay) 1

where 4 =[p]/ p; and the jump in any quantity X across the shock
is indicated by [X] =X, — X.

C. Incident Gust

We complete the formulation of the shock-wave problem as fol-
lows. The functions ,,_,; are given the additional subscript 1 or 2 to
correspond to solutions upstream and downstream of the shock, re-
spectively.[The subscript 1 has no meaning for values y > y, (i.e.,
for streamlines that do not pass through the shock), in which case
we write h,, =h,, =h, and similar relations for the other three
functions that define the velocity ¥ and entropy s’.] An incident
harmonic gust is then defined by fixing

— * ik o — ik oy
hgy =Afe™, hy = A,e'"%

he = Ase™®, hyi = Be™* (20)
in Eq. (10), so that far upstream it consists of the plane waves

V ~ Us (A, Ay, Ay) explik(¢ + o) — iki]

s" ~ 2¢c,Bexplik(¢p + o) — ikt] 21
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as ¢ — —oo, for arbitrary constants A,, A,, As, B, k,, and k; that
satisfy the relation

A, + Ak, + Asks =0 (22)

for divergence-free flow. Here, 6, =k, y + k3z and A; =A, — B.
Relation (22) follows from the (linearized) continuity equation and
our assumption that the incident disturbances are convected by a
uniform oncoming flow. Effectively, this gives a relation between
the functions /1,4, that define the vortical velocity upstream of the
shock.Itis notimmediately clearthatthisrelationcanbe generalized
toinclude the functions/,,_,, for the flow downstreamof the shock,
where we expect propagated waves in addition to the convected
disturbances. As demonstrated in the Appendix, however, any such
relationbetween the componentsofthe vortical velocityis redundant
and merely serves to make decomposition (3) unique. This is not so
much an issue when there are no shock waves and the assumption
limy_. _,, G’ =0 renders the problem unique, but rather when the
flow contains discontinuities an alternative relation is required to
completely specify the decomposition. The relation thatis imposed

for this purpose is
i [ oh oh,
h,o="" — hy (23)
k\ oy 0z

which reduces to the condition of divergence-freeconvected flow in
the limit 6— 0.

What remains now is a boundary value problem for G’ given
by the differential equation (6), the radiation condition, the bound-
ary conditions on the surface, and the boundary conditions along
the shock given by the linearization of Eqs. (15-19). The solution
depends on the incident gust through the volume-source term on
the right-handside of Eq. (6) and through the boundary conditions.
The boundary condition along the shock involves the additional
unknown functions %, by, ., hys, and the unsteady shock dis-
placement 17, which are solved for simultaneously in terms of the
incident-gustand mean-flow quantities, using also the final relation
(23).

III. Solution of the Shock-Wave Problem

A. Simplification for TSD Flow

Because the shock wave is finite in length and the solution up-
stream of the shock generally depends on the solution downstream,
thereisno prospectofaclosed-formanalyticalsolutionto the bound-
ary value problem. Further progress can be made, however, by ex-
panding the equations and their solutionsin the perturbationparam-
eter 6.

First, the linearized perfect-gas relations'* give the mean-flow
quantities in terms of the steady disturbance speed ¢g. They reduce
to

Uy =Ux (1 +9q), ap =ax [l = (y — 1)gq/2]

Po = po (1 — q), By =B, —(r +1)g (24)

for TSD flow to @(&*?) accuracy. The dependence on ¢ and z can
be factored out of the equations, and, accordingly, we define the
modified unsteady potential G by setting

G'(d,y,z,t) =Ux bG(9, w)exp(ikksz — ikt) (25)

We expand this potential G, the vortical flow v/, and the unsteady
shock displacement 17 in powers of 8'/3 and use the superscript (i)
to denote terms of @(J'3). For example,

1 =n/(0) + 5; n/(l) + 5§ n/(2) T+ (26)
G=G"+8G"+5G+-.- 27)

We also assume here and verify later that the transmitted gust is
such that we can write

KD (w,2) =R (p)e, i=0,1,2,... (28)
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or, in other words, that the gust amplitudes are independent of z
and vary only slowly in the y dlreczl(oo)n [this is al)ready the case )for
the incident gust, where b, =A¥, h,, =A,, h | =Aj, and ha,1 =
B, as Eq. (20) shows]. By substituting these solutlons into Gold-
stein’s equation' and the boundary conditions, a boundary value
problem is defined at each order i that should uniquely determine

the corresponding O(573) solutions.

B. Leading-Order Solutions

Because the weak shock has only a higher-orderinfluence on the
unsteady flow, the values of i,_,, downstream of the shock are the
same as the valuesh,,_,, upstream. (A uniquenessissueis addressed
in the Appendix.) Consequently, Goldstein’s' equation (6) and the
boundary condition (9) are

202G oGO
a2 TR o +k2(1-K)G" =0 (29)
74
9G© .
5 = —Anelkd’ (30)
20

atleading order, where the right-hand side of Eq. (30) is determined
by expanding Eq. (9) for small S using Eqs. (4) and (10). It is easily
confirmed that

GV = [A,,/k(l + k;)é:lexp[ik(p —k(1+82) w] 31)

is the required potential flow that cancelsthe gust velocity normal to
the surface. We note that this near-wall solution makes no significant
contributionto the far-field noise signature owing to its exponential
decay.

Because the shock-wave strength Ag is O(&”'3) small, we expect
any sound that is generated to have the same order of magnitude.
However, calculations also involve @(5"3) terms because, as the
steady shock relations confirm, this is the order of magnitude of
the angle of the shock with respect to the vertical. Specifically, the
coefficients of €°5 and €°5¥? in Eqs. (16) and (18) show that

st ang” _ vl
oy  UyAq

1
=+(m?-1)° (32)
where M, is the average of the local Mach number on both sides
of the shock. The coefficient of €°5in Eq. (18) gives anéz)/ay =0.
Although the small angle of the steady shock plays a role in the
unsteady jump relations, the relations show that it is not relevant at
O(e5"?) and that the zero solution GV = Efll_)d =0 is valid.

For completeness, we note that the shock relations for the
freestream flow at O(€°&) are trivial and that the remaining steady
relations at O(€°5) for i =1, 2, 3 are already satisfied following
application of the perfect-gasrelations (24).

C. Local Plane-Wave Representation

The significant interactions that determine the sound generation
are found at the next higherorder, O(e5”'3). We write the solutionas
the sum G® =G® + G + G to distinguish the particular so-
lution G'? induced by volume-source terms, the near-wall solution
G'? that cancels the velocity normal to the surface, and a term G?
that completes the solution. G'» includes waves generated at the
shock and their reflection and takes into account the (slow) variation
of the mean flow with y. The asymptotic expansion of Goldstein’s!
equation(6), simplified using Eq. (23) and the zeroth-ordersolution,
specifies

Lep) =24; (ikq * 2Z>exp[z‘k(¢ thyl o (3)

L(G?) =2k (kq +i ZZ)G@ (34)

LG?) =0 35)

where ¢ is rescaled to § =¢ 5?3 and the operator Lis the transonic
convected-wave operator acting on G© on the left-hand side of
Eq. (29). The source term in Eq. (33) is the leading-orderexpansion
of the right-hand side of Goldstein’s' equation (6). In Eq. (34) the
source term is due to interactionbetween the nonuniformmean flow
and the leading-order solution G©. We require that G satisfies
Eq. (34) and that it also cancels the velocity of the (disturbed) gust
and of G normal to the surface.

The surface curvatureis taken to be O(J), and so to the order con-
sidered here, the surface may be considered flat (the only influence
of the curvature on this problem is through the mean flow). Once
more, the near-wall solution G has an exponential decay with y.
In the matching between the flows upstream and downstream of the
shock, terms with the factor exp[—k(1 + k2)"?y] may be consid-
ered independentof those with the factor ¢’**»¥ and so we need not
consider G any further.

By contrast, G\ must be included in the analysis of the
jump relations at the shock. We write it in the general form
GP =f(4, w)eikknv  factor out the dependence on y, and solve
the resulting ordinary differentialequation. An integration by parts,
with endpoint contributions from both sides of the shock and from
A =¢, then gives

2iAY ~
G? = - ! 7 explik(¢ + k

» k(1 +k5+k§)q(¢, w)explik(¢ + k, )]

+ T exp{ik[ (1 — k2 = k3)¢/2 + kv |} H($ — m0)

. ¢ _ ~
L+ Qexplikk, w)/ aq(a/l/,I V) exp(ikA)

xexp[ik(1 — k2 = k2) (¢ — 1)/2] dA (36)
where

2i A} AG(w) . -
re = " +tk3 ) exp[ik(1 + k2 + &)m(y)/2]  (37)

1- k2 k2
0= 2+ kzlA = —iA]cos20, (38)

and H(-) is the unit step function. In Eq. (38), the constant Q is
expressedin terms of the angle ®, between the gust orientationand
the shock, given by tan®, = (k2 + k2)~"/2,

The particular solution (36) represents unsteady motion due to
volume sources in the flow. The integration by parts allows the
solutionto be expressedas acousticand hydrodynamiccomponents;
the first term represents waves that are convected by the mean flow,
whereas the second term satisfies the homogeneous wave equation
and represents plane sound waves caused by the discontinuityin the
volume sources. The integral that remains also contains acoustic
and hydrodynamic components, which may be extracted by further
integration by parts. If we make the additional assumption that the
the mean flow varies (now in all directions) on a length scale that
is large compared to the gust wavelength, that is, 0G/0¢ <k, the
pressure disturbancesassociated with this integral and the first term
are asymptoticallysmaller than the sound pressure waves associated
with the second term. With this in mind, we include only the latterin
further calculations. Finally, we note that G is continuous across
the shock (even though its derivative with respectto ¢ is not), which
is significant when the jump relations are applied.

An additional homogeneous solution G is taken to be of the
form

G® =1Qexplik[(1 = k2 —k2)¢/2+ k,v]} (39

againaplane wave propagatingdownstreamof the shock. Upstream,
the O(&) gust components are prescribed by Eq. (20) so that
al 41 =0 [note from the expansion of Eq. (10) that the gust still
has a nonzerocomponentat this order due to distortion by the mean
flow], and downstream we calculate,_,, (along with F(z) and the
shock displacement 177®) from the jump relations and Eq (23).



At any point along the shock we have effectively a one-
dimensional problem; the factor e’***¥ can be factored out, and
the only remaining variation in the w direction is @(5"3) small.
The jump relations do involve derivativesin ¢, however, and so any
dependenceofthe solutionson ¢ mustbe included. Finally, we men-
tion that in the formulation of this problem, the flow upstream of the
shock is completely specified because the gust is given and its dis-
tortion and the components of the unsteady potential immediately
follow. This implies that the downstream flow exerts no influence on
the upstream flow; indeed, at this order in 6 the linearized transonic
wave equation, £(G) =0, cannot describe receding waves, and all
disturbancestravel downstream.

The result of considerable algebra in which the shock relations
are expanded to O(€8'?) is that

I = —[iArAG(w)/ k]exp[ik(1 + &2 + k2)mo(w)/2]  (40)

and fzflzz)_dz =0. (The solutionfor the shock displacement 17 is not
included here.) Thus, for every value of the slow coordinate 1/~/, the
shock generates a sound wave that locally resembles a plane wave
with an amplitude, F;zz) + Fg), that is proportionalto Ag(y). This
amplitude depends on the incident entropy gust and the stream-
wise component of the incident vortical gust through the factor
Af=A, — B. The group velocity corresponding to the phase of
these plane waves [see Eq. (39)] shows that the acoustic distur-
bances propagate at the gust orientation angle 6, = tan™' k, in the
(¢, v) plane. The additional shift involving the mean shock po-
sition 7y arises naturally from the calculations and ensures that
the phases of the incident gust and the sound waves equate at the
shock.

The solutions 25, =0 show that to O(8'?), the velocity ¥ is
givenby Eq. (10) with 4, _ ; =h,, _ 4, [see Eq. (20)] on both sides of
the shock. Any jumps in the convected components of the unsteady
flow are, therefore, given implicitly by the sudden change in the
steady-flow quantities in Eq. (10). As expected when shock waves
are weak, no additional entropy disturbances are generated. The
velocity components v/, and v} are also continuous to the order
considered, but the discontinuity of Uy in the first line of Eq. (10)
indicates that v/ jumps across the shock. The sudden refraction of
both the entropic and vortical gusts across the shock is represented
by the drift function g in the phase.

The sound waves do not satisfy the rigid-wall boundary condition
on the ¢ axis as they must, but this can be resolved by a simple
reflectionin y =0. This step is performed in the next section where
the far-field radiation is considered.

D. Far-Field Radiation

Clearly the sound waves generated at the shock cannot remain
plane waves as they propagate away from the shock. The O3
effects introduced by the variation with y accumulate, so that the
local description of the sound is no longer valid in the far field.
We avoid this difficulty by regarding the local plane-wave solutions
as a boundary condition for the unsteady potential flow that solves
the homogeneous form of Goldstein’s’ equation downstream of the
shock. In other words, given the strength of the acoustic distur-
bances generated at the shock [see Egs. (37) and (40)], we solve the
governingequation for G in the entire region downstreamof ¢ =1.

At leading order, this problem is given by L(G) =0 with the
boundary conditions

Glno(w), w1 =[QAq(y)/ klexplik(no(w) + k,w)]  (41)

0

3 ¢ > m(0) (42)

G
(¢,0) =0,
v

[The superscript(2) and the subscript2 have been discarded, though
we note that G now representsan O(5”3) functionthatis valid down-
stream of the shock only.] By O(8"3) approximation, we can make
the change of variable from ¢ to ¢ — 1y, and the problem is then
solved for ¢ — 19 > 0 using conventional methods (see Cannon,"
for instance). We find G = G(¢, v) + G(¢, — y) with
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_
Qe—ﬂi/4 /5 3 3s Aq(%)
0

G, v) = 1 L e*dr (43)
(27k)? (9 — )2
where
(1-8) (v
o= ) (¢—770)+2(¢_n0)+770+kn‘5 (44)

and 1, =1,(7) is a function of 7 =8"37. The term G(¢, —y) is
the reflection of G(¢, y), which ensures that the surface boundary
condition (42) is satisfied.

When the reduced frequency k is large, distortion by mean-flow
gradients becomes more significant, and a geometric-acoustics ap-
proach is required. The phase of Eq. (43) can be perturbed inside
the integral, so that the eikonal equation is satisfied at higher order
in 8, and O(k&”'?) phase distortions can be included.'® This does
not affect the total radiated power in the absence of other sources,
however, and these calculations are not included here.

The final step in our analysis consists of approximating the
far-field behavior of the radiation by expanding G for large r =
(¢ + w)"2. By the use of r > ||, || for all 7 in the interval of
integration, the unsteady potential can be approximated by

G ~ [DO)H(9)/r2 |exp[ik(1 — & +tan’6)9/2]  (45)

where 0 is the polar angle tan™!(y/¢) and the directivity factor
D(0) is

1
3 s

22 exp(—zil4HQ [°

D(0) = '
(mk cos 0)2 0

Aq(7) cos(kt tan 0)

xexp{ik[ (1 + &2 + tan® ) no(7)/2 + k,7]} d= (46)

This is the main result of this paper, giving the O(8*?) acoustic
radiation in terms of a single integral involving the mean shock
strength Ag and the mean shock position 7.

The expression (46) can be further expanded in & by the use of
7 and t varying on different scales. When tan 6 £ +k,, the am-
plitude of the integrand varies slowly compared to the phase, and
integration by parts can be applied. Using also that the shock wave
is attached normal to the surface, so that (dn,/d7)(0) =0, we obtain
the expression

22 Qk, exp(mi/4)Aq(0)

Do)~ |
k2(m cos0)2 (kﬁ — tan? 9)

xexp[ik(1 + k2 + tan® 0)my(0)/2],  wnP@ AKX (47)

showing the directivity to be proportionalto the shock strength at its
base. However, Eq. (47) does not apply when one of 6 approaches
the gust angle 6,, in which case Eq. (46) must be integrated numeri-
cally. When8 — 7/2, on the otherhand, the phase of the integrandis
singular and the numerical integrator is unreliable; here the asymp-
totic expansionis more appropriate. For the numerical examples of
Sec. IV, with the gust angles ranging from —50 to 60 deg, Eqs. (46)
and (47) are applied when 6 <70 and 0 > 70 deg, respectively.

Finally, we note that, in addition to the integrand in Eq. (46), the
solution (45) also has an unbounded phase when 8 — 7/2. Tran-
sonic theory!” explains that receding waves cannot propagate up-
streamin the TSD limit but instead tend to collectin narrow regions
that extend in cross-stream directions from their source, leading in
this case to high-frequency oscillations near ¢ | 0. This behavior
cannot be considered physically possible arbitrarily close to ¢ =0;
in fact, higher-order terms (in ) become increasingly significant
and render the governing equation locally elliptic or hyperbolic,
depending on the sign of B (Ref. 16). The unboundedphase, there-
fore, signifies that the linear operator L cannot properly account
for the transition between the flows upstream and downstream of
the source and that the far-field solution calculated here is not valid
when tan 8 = O(57/3).
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IV. Numerical Results

Although the problemhas been formulated for a shock wave over
an infinite surface, the interest for the prediction of turbomachin-
ery noise is in shock waves over airfoils or across blade passages.
However, gust-airfoil interaction encompasses a number of noise-
generating mechanisms, such as the diffraction of the gust by the
leading edge and the rescattering by the trailing edge. Hence, if we
are to investigate the sound generation by gust-shock interaction
alone, these mechanisms should be ignored, and this is achieved by
neglecting the airfoil edges. Formally, we can apply the theory put
forward here to a shock generated by an airfoil, or alternatively, we
can argue that there exists an infinite surface that would generate
the same shock.

For our numerical examples we take a shock wave calculated by
the Engquist and Osher!® variant of the Murman and Cole!® relaxa-
tion algorithm for TSD flow. The scheme uses a backward or cen-
tered difference scheme depending on the sign of the local value of
B:. The shock wave is defined by a set of fixed gridpoints (Fig. 2),
so that a best-fit curve must be calculated to obtain a continu-
ous shock suitable for calculating Eq. (46). The shock wave illus-
trated in Fig. 2 is induced by a NACAO0006 airfoil with zero angle
of attack with respect to an oncoming flow of M, =0.9. For b
we take the semichord length, so that the airfoil lies between x =0
and 2. The shock strength, as given by the function —Ag(y)/ &3, is
also indicated in Fig. 2.

We consider first the directivity patternsin the far field. The pres-
sure is calculated directly from Eq. (7), but a direct consequence of
the singular phase in Eq. (45) is that the pressure is also singular
at ¢ 10. Therefore, we choose to represent the directivity pattern
through the function | D(0)|, or through the intensity directivity,'®

_|IDOPH$)
F) = kcosO (48)

which are both bounded. The latter represents the time-averageden-

ergy flux acrossa semicircle (atlarge r ), normalizedby €2 p., U2 /2r,
and the integral

/2
P =/ F(0)do (49)
0

then represents the radiated acoustic power, normalized by
€2po U2 b/2. In the far field where the flow may be considered uni-
form, the coordinates ¢ and y agree with x and y, and, thus, 0 is
also the polar angle in physical space.

A comparison between the plots of Fig. 3, showing |D(0)| for a
gust with k =5, A* =1/2, k; =372, and varying k,, confirms the
conclusion drawn earlier that the sound waves are primarily prop-
agated in the direction of the gust orientation angle 6, = tan™"' k,;
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Fig.2 Shock positionand strength for aNACA0006 airfoil at zero angle

of attack with M« =0.9; boxes indicate the positions of the shock-wave
grid points from which a best-fit curve is calculated.
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Fig.3 Directivity pattern for the shock wave of Fig. 2 for varying gust
angles; relevant gust parameters are k=5,A =1/2,and k3 =3~ 1<z,
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Fig.4 Intensity directivity patternfor the shock wave and gust of Fig. 3,
but with gust angles 8, = = 50 deg.

clearly, the lobes in these graphs have maxima near the gust di-
rections 6, =0, 30, and 60 deg. The peaks are more pronounced
for larger gust angles because the oscillations of D(60) are more
rapid for larger 6. The amplitude for 6, =30 deg is smaller than the
amplitudes for 6, =0 and 60 deg because the gust orientation here
is closer to the critical angle ® , =45 deg for which Q disappears
[see Eq. (38)], correspondingin this case to 6, = £39.2 deg.

The two cases 6, =450 deg are compared in Fig. 4. We use
the function F (), which is proportional to | D(6)|? and, therefore,
accentuates the peaks at 6 = |9g|. Note that in both cases the radi-
ation propagates in the direction 8~ 50 deg, but that the lobe for
0, =—50 deg is larger than that for 6, = 50 deg. This and similar
results suggest that a gust oriented toward the surface leads to more
significantinteraction with the shock than a gustorientedaway from
the surface. Also, consistent with Fig. 4, the peak for negative gust
orientationis generally found at a slightly larger observerangle than
for positive gust orientation.

The directivity patterns of Fig. 5 show the influence of varying
the reduced frequency k. Clearly, for increasing k, the fluctuations
(with 6) increase and the amplitude decreases, causing a significant
decreasein radiated power, as evidentalso in Fig. 6. Figure 7 shows
the response to varying k5. The expressions for D(6) and its asymp-
toticexpansion,Eqs. (46) and (47), respectively,show that the acous-
tic power depends on k3 through the coefficient Q and, for observer
angles near the gust angle 6,, through the exponentin Eq. (46) when
there is a nonzero shock slope, that is, when dny/d7 # 0. Note that
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Fig.6 Radiated power vs k (normalized with respect to the case k=1)
for the same shock wave and for a gust with At* =1/2, 6, =30 deg, and
k3=1.
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Fig.7 Radiated power vs k3 (normalized with respect to the power for
k3 =0) for the gust of Fig. 6, but with k =5.

althoughin subsonicflow there is a maximum value of the spanwise
wave number above which there is no radiation, this is not the case
in the transonic limit, where radiation is produced for all k3.

A comparison between the acoustic radiation due to gust-shock
interactionand that due to other mechanismsin a cascadeis relevant
in the context of turbomachinery noise. The related study of gust-
airfoil interaction'® uses the high-frequency approximation k > 1
in addition to the small-disturbance approximation 6< 1, provid-
ing a means of determining the relative importance of the various
radiation components in the limit of large reduced frequency. As in
subsonic flow, the unsteady potential for the scattering of the gustby
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the airfoil’s leading edge is @(k~*'?) at leading order. For most ob-
server angles, it is found that the higher-order terms due to volume
sources and other mean-flow effects are a factor O(k''3 &%) smaller.
By contrast, the potentialdue to gust-shock interactionthatis calcu-
lated here is O(k~¥28%3), a factor O(5'3) smaller than the leading-
edge radiation. In both cases, there is an additional factor k'/> when
we consider observer angles near the gust orientation angle, and it
follows that mean-flow non-uniformities(at the shock wave or at the
leading edge) can be the dominantsource of radiation,dependingon
the relative magnitudes of 8 and k. For high reduced frequency and
small shock strength, the large mean-flow gradients at the leading
edgehave a greaterinfluence on sound generationthan the relatively
small discontinuity at the shock. On the other hand, the shock wave
will be more important for higher Mach numbers when its strength
is greater, or, indeed, for more moderate frequencieswhen the length
scale of the leading-edge singularity is too small for significant in-
teraction with the gust. A numerical comparison in a more compre-
hensive model thatincludes both interactions will assess the relative
importance for specific gust frequencies and shock strengths.

V. Conclusions

In general, the disturbancesdownstream of a shock cannotbe cal-
culated given just the mean flow and the disturbances upstream of
the shock. Because of the additional degree of freedom that results
from the possible shock motion, there is always one more unknown
flow quantity than there are jump relations. The answer is that the
complete downstream unsteady flow must be solved for simultane-
ously with the jump relations. For uniform mean flow, the splitting
theorem is a necessary tool, whereas for TSD flow Goldstein’s'
decomposition, together with the divergence-free condition for the
convected disturbancesin the far field downstream, can be applied.

Useful analytical results are made possible by the small-
disturbance approximation of the mean flow. In TSD flow the shock
wave is longrelative to the O(1) or smaller gust wavelength. Conse-
quently, thereare differentscalingsthatlead to qualitativelydifferent
descriptions of the sound generated at the shock. On the gust wave-
lengthscale at O(1) distances from the shock, the acoustic field may
be regarded as a band of plane waves extending downstream at the
gustangle. On the shocklengthscale, by contrast, the waves of vary-
ing magnitude interactto produce a more complicatedacoustic field
that resembles a point source when observed from a far. The result
of these calculationsis a straightforward representation of the total
acoustic radiation into the far field, and a numerical investigation
indicates a strong dependence on the gust angle.

The analysis shows that there are two parts to the sound gen-
eration. The waves with amplitude I g) [see Eq. (39)] are directly
related to the jump in the streamwise component of the convected
gust v/. The waves with amplitude 2. on the other hand, are di-
rectly related to the convected waves caused by the volume sources
[see Eq. (36)]. The hydrodynamicmotion that is sustained through-
out the flow by the volume sources disappear proportional to g in
the far field, thoughits discontinuityleads to the generation of more
sound waves at the shock.

The results presented here may be applied with some modifica-
tion to a cascade configuration. Given the steady flow through a
cascade as computed by a suitable numerical code, much of the
currentanalysis can be applied to shock waves across the blade pas-
sages. The starting pointis solution (43) for the sound generated by
the gust-shock interaction without taking into account additional
boundary conditions. For TSD theory, the passage flow is quasi one
dimensional, so that Ag and 1y can be considered constant (rather
than slowly varying), and these values can be taken directly from
the steady solution. However, before the far-field radiation can be
calculated, the flow in the blade passage must be correctly accounted
for (i.e., there are now two boundary conditions) and other sources,
such as rescattering at the trailing edge, must be included.

Any adaptations required to describe the gust-shock interaction
when the shock is not weak are by no means trivial, because much of
the analysispresentedhererelies on the TSD assumption. Analytical
progress may be made for gust-shock interactionat high frequency,
in which case previous results for shocks in uniform flow can be
applied locally on the scale of the gust wavelength.
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Appendix: Uniqueness of the Decomposition
The issue of uniqueness of the unsteady flow downstream of the
shock wave is most easily examined by considering the shock-wave
problem at leading order. The solution is trivial, but by ignoring
the usual divergence-freerelation (22), it clarifies the dilemma that
is faced at higher order. Instead of Eq. (29), or rather J{G®) =0
using the notation of Sec. III, the governing equation is

£(6") =

giving us the particular solution

—ik(B + 2 + KRy + sk Yexplik(¢ + k,y)]

i(A” + RS + kR + ksh)

GO — ¢
? k(1 + k2 +K2)

explik(¢ + k,y)] (A1)

apotentialfunctionthatrepresentsconvecteddisturbances,thatdoes
not contribute to the pressure field, and that renders VG” +' ©
divergence free. A complementary solution G'*, which reduces to
Eq. (31) when Eq. (23) is imposed, cancels the velocity normal to
the surface, and for the remaining component of G we look for a
solution of the form

GO =TPexplik[(1 - k2 = k)12 + k,y]} (A2
for some constant F;U). At O(e&) the five jump relations then give

" =o, Ry = A, + k, (R — A7)

RS = Ay + ks(Ry — A?), hyy =B (A3)

and an expression for the time derivative of 77‘?.

Although the only possible downstream solution in the limit
86— 0 is the flow that we also find upstream, relations (52) indi-
cate an unresolved degree of freedom that is attributed to decom-
position (3) not being uniquely defined. Accordingly, the total un-
steady velocity &’ and the unsteady pressure p’ are independent of
h(0 Any choice for this remaining unknown will suffice, and it is
natural to take 7'y =h') = A* for a number of reasons. First, this
decompositionis consistent with the decompositionupstream of the
shock because the same expressions for G and v are then valid
on both sides of the shock. Second, this choice is consistent with
the classical splitting theorem,!® which is valid when the mean flow
is uniform. Using Helmholtz’s theorem (see Arfken,® for exam-
ple), the splitting theorem in this context argues the existence of a
(unique) decompositionof #’ into VG’ + v/ such that V - v =0. For
our choice of E(z?l) at this order in &, the corresponding velocity v’
satisfies that condition. Finally, for the upstream flow, the unique
decompositionimplied by the splitting theorem is also achieved by
the far-field boundary condition' limy_, _, G’ =0. Although the
same condition cannot be applied downstream at ¢ — +0o0 in gen-
eral, we can state that with our choice of E(z?l) the only components
of G’ that do not disappear with the mean-flow distortion solve the
homogeneous form of the convected wave equation (6).

The ambiguity described here is less transparentin the analysis at
higher order, and we must, therefore, generalize our choice for E(z?l)
to higher orders. In addition to imposing the usual relation V-v' =0
for uniform mean-flow conditions far upstream, we must impose
the same relation for uniform mean-flow conditions downstream of
the shock, giving us relation (23). The point to emphasize is that

this relation is not essential for the solution of the problem at hand,
though it ensures that decomposition (3) is unique, and the math-
ematics are more easily managed when calculating the conditions
across the shock. Particularly downstream of the shock, where the
usual assumption limy_, _,, G’ =0 cannot give solace, it provides
the obvious choice for the one remaining (arbitrary) unknown.
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